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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 


TECHNICAL NOTE NO. 1137 

DEVICE FOR MEASURING PRINCIPAL CURVATURES AND PRINCIPAL STRAINS 

ON A NEARLY PLANE SURFACE 
By A. E. McPherson 


SUMMARY 


A device is described which makes possible the measurement of prin- 
cipal extreme fiber bending strains over a circular area having a radius 
of 0.94 inch with a systematic error on 0.1-inch sheet of the order of 
^ 0 . 00003 . The device requires a Tuckerman autocollimator to measure 
curvatures along three lines 120° apart and three 1— inch Tuckerman 
strain gages to measure strains along three other lines 120° apart. 

Equations are presented for computing median fiber strains from the 
measured curvatures and strains at the surface and from the thickness of 
the sheet. 


INTRODUCTION 


In static tests of aircraft structures it is frequently desired to 
determine the magnitude and direction of principal strains and stresses 
at the median surface of stress-carrying sheet or plate. The usual 
procedure is to determine extreme fiber strains along at least three 
gage lines common to both inner and outer surfaces of the plate. The 
median fiber strains along the three or more gage linos are then equal 
to the average of the inner and outer extreme fiber strains along these 
gage lines. The principal strains at the median surface are then com- 
puted from well-known equations for rosettes (references 1 and 2). The 
principal stresses are obtained by substituting the principal strains 
in the equations expressing Hooke's law for plane stresses (references 
1 and 2 ) . 

Occasionally it is impossible to measure strains at the inner surface 
of the plate, either because of inaccessibility or because of the failure 
of Inaccessible strain gages mounted on the inner surface to operate 
satisfactorily. In such cases it is desirable to determine the principal 
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stresses at the laedian surface from measurements on the outer surface of 
the plate only. The device described in this I’eport developed for 
this purpose at the request of the Bureau of Aeronautics, Navj’’ Department. 

The author wishes to express his appreciation to the Nav:/" Departirient 
for releasing this report for publication. 


PRINCIPI® OF OPERATION OF THE DEiaCF. 


Tlie device is designed to measure curvatures and strains on the 
surface of a plate along two sets of gage lines; each set consisted of 
three gage lines 120° apart. From the curvatiires and the thickness of 
the plate it is possible to compute extreme fiber bending strains along 
the strain gage lines. Subtracting these from the total strains at the 
extreme fiber gives the median fiber strains along the three gage lines 
120° apart. The principal, strains and stresses and their direction may 

be computed from these three values of median fiber strain as explained 
in references 1 and 2. 

One portion of the device, that for measuring strains at the surface 
of the p.late, is identical, with the adaptor for measuring principal strains 
with Tuckerman strain gages which was described in reference 3« 1'he re- 
maining portion, for measTAring princiTjal curvatures, is new. 

A photograph of the complete adaptor is shown in figure 1. A dia- 
grammatic sketch is shown in figure 2. The device provides a means of 
measuring displacements a, 3, 7 of three points A, B, and C, figure 
2a, along throe lines rg^, r^, r^, 120° apart relative to the center 

of the device 0. As explained in reference 3 the average strains 

®b^ ®c directions r^, r^, r^ are related to the displacements 

y, 

e^ = (2/3r) [a + (p + 7)Al 

e^ = (0/3r)[ P + (a + 7)/k] } (l) 

e = (2/3r) [ 7 + (a + 3) A ] 

where r, the distance from 0 to A, B, or C, is O.9I+O inch. The 
device also provides a means of measuring the rises 8, e , cp (taken 
positive when in the direction towards the gage) of three points D, 

E, F, (fig. 2b), with respect to the plane through the points A, B, C. 

The average curvatures between points A, B, C are then 
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1 8e 


E 


‘AB 3r‘ 


J:_ = 

%C 3r^ 
1 _ 88 
%C 3r^ 






( 2 ) 


The corresponding extreme fiber bending strains In the direction 

AB, BC, and CA, on a plate of thickness h are obtained by multiplying 

the curvattires by h/2: 


e 


AB 


Uhe 

3r^ 


30 


hhip 
3r^ N 


®AC 


4h8 

3^2 


(3) 


The principal extreme fiber bending strains Su”, ©y” and the angle 0" 
betwen the direction of e.y" and the direction of the line BC can be 

computed as oiitlined in the appendix (fig. 3 indicates positive value 
for 9") by computing the strain differences and the sums: 


®BC ~ ®CA 
ta = - ©ab 

*3 " ®AB - ®BC 


S" = - (epc + 60 a + ©ab) 



(M 


k 
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and substituting these in 


e" 

= S" 

+ T" 


u 




4 

= S" 

_ T" 


tan 

20" 

_ ,/T 

t2 



ti - 

- ^3 


( 5 ) 


The principal curvatures may be obtained by dividing the principal strains 
by h/2: 



I 

> ( 6 ) 


The directions of principal curvature coincide with the directions of 
principal strain given by 0" in (5). 


The extreme fiber bending strains in the direction r^, r^, r^, 

may be computed from the quantities defined in (4), as explained in the 
appendix, with the reoult: 


e^ = S” . 

2 /tf - tj-t” 

... ^ + 2t^)T” 

eb = S + -.^=rrrr::rr: 

2 Af - tit!; 

(ti - tS)T" 

ei' = S" + 

2 - tit" 






The median fiber strains in the direction r^, r^, r^. are obtained by 
subtracting (7) from (l) 
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> 


(8) 


The principal median fleer strains e^, e^ and the angle 0' "between 

the direction of e' and of e (fig. 3 indicates positive value for 

U. 8* 

d * ) are computed finally hy repeating tlie procedure of equs tions (4 ) 
and ( 5 ), thatls, computing first 


tl = e; - 
ti = - e^ 

t’ = 

S* = ~ (e‘ + e' + e') 

2 8 0 C 

T» = + ti^ + tj^ 

and substituting these values in 


"I 

) 

> (95 


e^ = S' + T' 


e' = S' - T» 

V 


tan 20 


IL3- 

ti - 1 ' 




(10) 


CONSTRUCTION OF THE DEVICE 


The construction of the device is shown in the detail and assembly 
drawings, figures 4 to 8, as well as in the photOfp.-aph (fig. l). The 
device at B,figm-e 1, the adaptor for measuring the rise at the midpoints 
of the lines connecting the points A, B, and C (fig. 2b). The rise is 
measured as the change in angle between a lever and the plane established by 
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the points A, B, and C (fig. Tlie angle is measured by a Tuckerman 

autocolllmator ar> the angle between the fired mirror C and the lever 
mirror D (fig. l). 

A satisfactory procedure for assembling part A, figure 1, for meas-- 
uj'ing surface strains is described in reference 3, A satisfactory pro- 
cedure for assembling part B, figure 1 ^ for measuring curvature is as 
fo3.1ovs. First assemble the optical portion of the rise measuring system. 
The prism housing (?) (fig. 7 ) is mounted on its pivots with adjusting 
nut (ih) end spring (l 8 ) as shown in figures 1 and 4. The housing is 
rotated on its pivots until its top is parallel to the top of the body 
(l). A prism (20) is now mounted in the housing, using a suitable 
cement, so that its diagonal face is parallel to the axis of rotation 
of the housing and its upper face parallel to the top of the body (l). 

A similar procedure is followed for mounting the prism (lO) in the lever 
subassembly (fig. 8 ). The prism housing (j) and the lever (5) is removed 
from the body (l) and the body is attached to the base (lO) by the screw 
(17) and the dowels (ll). The prism housing ( 7 ) and lever ( 5 ) is then 
reassembled in the body (l) and the spring bar ( 9 ) is inserted. Hie 
spring ( 19 ) is then installed between this bar and the spring pin ( 8 ) 
on the lover and is adjusted by stretching, then properly adjusted, 
the force required to move the foot of the lever into contact with base 
( 10 ), figure 5, should be between 0.002 and O.OO 5 pound. 


Cj^xibratioii of the device 


The calibration of the part for measin’ing surface strains is given 
in reference 3 . 

The pai't for measuring curvature was calibrated as follows. A 
micrometer screw was so mounted that it could raise or lower the foot 
of a lever by known amounts. Simultaneous readings were then taken of 
the change in angle of the lever, as measured by a Tuckerman autocolli— 
mator, and the rise of the foot of the lever as measured by the microm- 
eter screw. The calibration curve is shown in figure 9 . It is evident 
that all the levers have the same calibration and that the rise of the 
lever foot in inches is nearly equal to the change in aigle of the lever 
in radians. Consideration of the geometry of the lever and prism (fig. 
9) shows that the relation between rise and change in angi.e A of the 
lever from the plane determined by the points A, B, and C (fig. 2), is 


Rise = A -O.I 63 (ll) 

The observed values of rise in general differed from those coB^)uted by 
substituting the measured change in angle into equation (ll) by less 
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than the observational error of 0.0002 inch of the micrometer screv. The 
rise is given with an error of less than 1 percent by the linear relation 


Rise = A 


( 12 ) 


for changes A in angle from the horizontal of less than 0.06 radian. 

The rises, e , 9 , S of the feet of the levers determined from the 
measured changes in angle by equation (l 2 ) are substituted in equation 
( 3 ) with r = 0 . 9^0 to give the extreme fiber bending strains e": 

e" = 1.5h A (A< 0.06) (13) 

Substituting A = 0.06 in this equation and solving for h shows that 
equation (l 3 ) holds within 1 percent, provided 

h >lle" (li^) 

Equation (13) holds for strains up to 0.008 (equal to or greater than 
the yield strain for most meta].s), provided the sheet thickness exceeds 
0.09 inch. 


ACCURACY OF THE DEVICE 


Reference 3 gives an estimate of the accuracy with which surface 
strains may be measured with the device on a surface which remai.ns 
nearly flat during the test. An estimate of the accuracy with which 
the device indicates extreme fiber bending strains was obtained by 
comparing strains measured by the device with strains measured directly 
by Tuckerman strain gages. 

Two specimens were used. The first was an O.I 87 — by 3~ t>7 27 -inch 
strip of 24S-T aluminum alloy, supported at the quarter points and 
loaded at the ends. The uniformity of extreme fiber bending strain 
near the middle of this strip was checked by Tuckerman strain gages. 

The strain was found to vary less than 1 percent over the middle 5 
inches of the strip. Tlie longitudinal and transverse extreme fiber 
bending strain at the center of the strip was then measured by Tuckerman 
strain gages and by the curvature device in two different attitudes with 
the results shown In figure 10. The extreme fiber bending strains as 
measured by the device agreed with those measui’ed by the Tuckerman gages 
within 2 percent of the maximum strain of 0 . 0020 . 
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The second specimen vs,s an 0.1?6-hy 7 . 2 - hy 7.2-lnch plate of 
24S-T a,lumlm 3 m alloy supported at two diagonally opposite corners and 
loaded on the other two corners. (See fig. 11 .) The loaded plate hent 
to form a saddlelike surface. The extreme fiber bending strain near 
the center was measured by pairs of Tuckerman gages and by the curvature 
device in two different attitudes. Tlie results aic sho;® in figure 11 . 
The extreme fiber bending str-ains measured by the curvature device 
agreed with those measured by the Itickerman gages within 4 percent of 
the maximum strain, of 0 . 0008 . 

In both tests (figs. 10 and 11 ) it is observed that the specimen 
became stiff er as the load increased. This Increase in stiffness was 
ascribed to the increase in the effective moment of inertia as the 
deflection of the plate became coorparable with its thickness. 


COIICLUSIOWS 


Tlie device described is satlsfactorj’’ for measuring principal 
extreme fiber bending strains over an equilateral triangle I .63 inches 
on a side with a systematic error not exceeding 2 percent and a mean 
observational erroi’ in strain on 0 . 1 -inch sheet of the order of 
± 0 . 00003 , with a maximum of the order of 0.00004. Tlie device Incorporates 
as an integral, part an adaptor previously described for measuring prin- 
cipal siu’face strains with a systematic error not exceeding 4 percent. 
Equations are presented for computing med.ian fiber strains from the 
measured bending and surface strai.ns. 


National Bureau of Standards , 

Washington, D.C., July l4, 1945. 
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■ APPENDIX 

DETERMINATION OF MEDIAN FIBER STRAINS 
FROM EXTREME FIBER STRAINS AND CURVATURES 

Cctasider given the total extreme fiber strains 


®a " ®9o 


®b “ ^310 


e„ = e 

C 3 30 


(Al) 


where the subscripts 90 , 210, and 330 denote the angle in degrees re- 
lative to a base line BC (fig. 3)> also, the extreme fiber bending 
strains 


, _ 4hcp _ , 

BC " 33^2 0 

khb 

®CA “ ~2 " ®ia 0 
3r 




®AB = 


4he 


3r' 


= e 
2 24 0 


(A2) 


The median fiber strains along linos r , r, , r , are 

8. D C 




e * = e 

90 


90 90 


®210 ®310 ®aio 


P • = A — A " 

330 330 ®330 


(A3) 


where ®a ” c? ®3 3 0 ‘^^® extreme fiber bending strains along 

these gage lines. 
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The extroaie fiber bending strains e"©, Qp/iof ©530 3^© computed 

from e'o, ^ 4 o ^7 determining first the principal extreme fiber 

bending strains e'-^, e^ and their direction 0” and then determining 

®e 1 0 -’ ®3 3 0 ®u> carrying out the computation it 

is convenient to introduce, 

'X 

- ©o — 2 0 


= 


® 1 2 0 ® 2 4 0 


t” 


G ^ — © 

24 0 0 


Uh) 


s" 


— ^e + e + e } 

3 0 1 H 0 2 40 


v^2 


T" = — 


3 y + 12^ + 


The principal strains are then from (equation ( 2 ) of reference 3) 


e'^ = S" + T" 


e'^ = S" - T" 




(A5) 


and the principal direction is given by 

3 (©120 — © 2 " c) *^3 t 2 


tiui 20" = 


2e; 


« " « " 4 -" 4 -” 

© 1 2 0 ~ ® 2 i 0 ~ t 3 


(A6) 


Strains along the gage line 0i are related to the principal strains 
e^, e^ by (reference 4) 

egi = e{; cos^ (01 _ 0") + e; sin''" (0i - 0") 


e + e e _ e 

u V u V . 

+ cos 2 (61 

2 2 


_ 0 ") 


(A7) 
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From (A5) 


% = S" 




© — - © 

U V _ yt» 


Expanding cos2(9i — 0")s 


cos2(Si — e") = cos20i cos20" + sin20i 8in20" 


where 


cos20” = 


8in29" = 


y 1 + tan^20" 
tan 29" 

y 1 + tan220" 


\ 

/ 


Inserting (a 6) and noting from (Ah) that 


ti + t^ + t^ = 0 


gives 


cob20" = 


tl - t'i 


-t'it'i 


sin20 


" _ yr ta 


^2 - t^t;: 


Inserting (A8), (A9), (A12), and (A13) in (A?) gives 


eei" = S" + 


rpt* 

-'Z 2 tg2 _ 


(tj' - tj) cos20i +-/ 3 ta sin20i 


11 

(A8) 

(A9) 

(AlO) 

(All) 

(A12) 

(A13) 

(Al4) 
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Letting ©i = 90^, 210^, and 330*^ gives 


01 

COS201 

sin20i 


90 

-1 

0 


210^ 

1/2 

yI/2 


330^ 

1/2 

-73/2 




> (A15) 


0 


S'* + ^ ^ T" 

2 tj 




^ ” n»» , 

2 10 


t'i + 2t^ 

2 Jtf - titU 


T" 


> (Al6) 


^ CI»* I 

®330=^^ + 


4 .tl _ . tf 

%x %2 


qi** 


2 Jtf - tlt'i 


J 


Inserting (A3.6) in (A3) gives the desired median fiber strains along 

the lines r„, r, , r . 

a/ h’ c 
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Fig. 1 



Figure 1.- Complete adaptor. 
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Figs. 2,3 



Figure 2a.- Strain measurements. 


Figure 2b.- Curvature measure- 
ments. 



Figure 3. 
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Fig. 6 
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Fig. 7 
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Fig. 8 
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Figure 9.- Calibration of levers 





Figure 10,— Comparison of bending strain measured by Tuckerman gages and by 
curvature device for bent-strip. 
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Fig. 11 



Figxire 11.- Comparison of bending strain measured by Tucker- 
man gages and by curvature device for saddle 

plate. 


